Introduction {#Sec1}
============

Convexity is a basic mathematical concept that has been used as a tool in many different problems. It has important applications in many areas, like optimization \[[@CR15]\], image processing \[[@CR22]\], robotics \[[@CR14]\] or geometry \[[@CR13]\].

In real problems, the information we have to deal with is, in most of the cases, approximate. By this reason, the study of the convexity of a fuzzy set has been a very studied topic (see, for instance, Ammar and Metz \[[@CR1]\], Diaz et al. \[[@CR7]\], Ramik and Vlach \[[@CR16]\], Sarkar \[[@CR18]\], Syau and Lee \[[@CR21]\] and Yang \[[@CR25]\]).

Taking into account several real world problems, several extensions of the fuzzy sets have been introduced and studied in the last years. In particular, we are interested in interval-valued fuzzy sets. They were introduced independently by Zadeh \[[@CR26]\], Grattan-Guiness \[[@CR10]\], Jahn \[[@CR12]\], Sambuc \[[@CR17]\] in the seventies. From then, several concepts related to this extension have to be studied. Taking into account the previous comments, we are especially interested in the concept of a convex interval-valued fuzzy set. Since convexity is based on an order over the membership degrees and how the membership values are not numbers but intervals, we will obtain a different definition of convexity for each interval order on the set of intervals. The main aim of this paper is to introduce this general definition and study its dependence on the interval order considered. In particular, we are going to study in deep the preservation of the convexity under intersections, since it is a necessary property in many applications, as optimization (see \[[@CR15]\]).

This paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, some basic concepts are introduced and the notation is fixed. Section [3](#Sec3){ref-type="sec"} is devoted to the study of the different definitions we can consider for the intersection of two interval-valued fuzzy sets depending on the chosen order. In Sect. [4](#Sec4){ref-type="sec"} we propose a definition of convexity for interval-valued fuzzy sets and we study the cases when the intersection of two convex sets remains convex. Finally, some conclusions and open problems are drawn in Sect. [5](#Sec5){ref-type="sec"}.

Basic Concepts {#Sec2}
==============
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Some of these orders are clearly related. Thus, it is well-known that if one interval *a* is lower than or equal to another interval *b* w.r.t. the order *ID*, *a* is also lower than or equal to *b* w.r.t. the lattice order. This also implies the same relation w.r.t. the lexicographical order type 1, which implies the same w.r.t. the maximax order and this implies that *a* is lower than or equal to *b* w.r.t. the weak order. All these implications and some other similar ones are summarized at the following figure.The implications represented here are fulfilled, but it is also known that the converse implications are not fulfilled in general.

In order to provide a total order that extends the usual orders between intervals, Bustince et al. introduced in \[[@CR5]\] the concept of admissible order.
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Once they introduced this definition, they also proposed a method to build these admissible orders in terms of two aggregation functions.
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The lexicographical orders with respect to the first and the second coordinate and the Xu and Yager order are particular cases of these admissible orders. Thus, $\documentclass[12pt]{minimal}
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Intersection of Interval-Valued Fuzzy Sets {#Sec3}
==========================================
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If the intersection of two sets is defined as the greatest set that is contained in both sets, then we have a different definition of intersection for each order we are considering in *IVFS*(*X*).

Definition 3 {#FPar5}
------------
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So each order would have its own way to construct intersections between IVFS. To better understand this definition, we will see some examples after the general result of each order.
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For the interval dominance we have that the intersection of two IVFS is a fuzzy set:

Proposition 2 {#FPar6}
-------------

Let *A*, *B* be two sets in *IVFS*(*X*). The *ID*-intersection of *A* and *B* is the interval-valued fuzzy set defined by$$\documentclass[12pt]{minimal}
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Next, an example of the intersection of two IVFS is presented.

Example 2 {#FPar7}
---------

In the same conditions of Example [1](#FPar4){ref-type="sec"}.
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However, for the less restrictive lattice ordering the intersection is not just a fuzzy set in general. In fact, with this order, we will obtain the usual way to define the intersection for two IVFS.

Proposition 3 {#FPar8}
-------------

Let *A*, *B* be two sets in *IVFS*(*X*). The *Lo*-intersection of *A* and *B* is the interval-valued fuzzy set defined by$$\documentclass[12pt]{minimal}
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This proposition coincides with the usual way to define the intersection between two interval-valued fuzzy sets, as it can be seen in \[[@CR6]\], where intersection is studied in general for convolution lattices.

Following example shows what happens when we intersect two IVFS.

Example 3 {#FPar9}
---------

In the same conditions of Example [1](#FPar4){ref-type="sec"}.

The *Lo*-intersection of *A* and *B* is the interval-valued fuzzy set $\documentclass[12pt]{minimal}
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                \begin{document}$$A\cap _{Lo}C(x)=[0.3,0.8]$$\end{document}$. We can also use this example to remark that the intersection we are done is between two interval-valued fuzzy set, but it is not an intersection between intervals. Thus, since *x* has a membership degree in *A* given by the interval \[0.4, 0.8\] and a membership degree in *C* given by the interval \[0.3, 0.9\], we can say that the degree in which *x* is in their intersection is between 0.3 and 0.8. A value greater than 0.8 is impossible, since we have not this degree for *A*, but a value between 0.3 and 0.4 is possible, since *x* belongs to *A* at least in degree 0.4 and to *B* at least in degree 0.3.

The case of the lexicographical order and the Xu and Yager order, can be considered in a general way, since all of them are particular cases of admissible orders, as we commented previously.

Proposition 4 {#FPar10}
-------------
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By applying this result to the specific admissible orders, we obtain that

Proposition 5 {#FPar11}
-------------

Let *A*, *B* be two sets in *IVFS*(*X*).

The *Lex*1-intersection of *A* and *B* is the interval-valued fuzzy set whose membership function for any *x* in *X* is: $$\documentclass[12pt]{minimal}
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                \begin{document}$$A\cap _{Lex1} B (x)= \left\{ \begin{array}{ll} {[}\underline{A(x)},\min \{\overline{A(x)},\overline{B(x)}\}{]} &{} \text{ if } \underline{A(x)}=\underline{B(x)}, \\ {[}\underline{A(x)},\overline{A(x)}{]}&{} \text{ if } \underline{A(x)}< \underline{B(x)},\\ {[} \underline{B(x)},\overline{B(x)}{]} &{} \text{ if } \underline{B(x)}< \underline{A(x)}.\\ \end{array} \right. $$\end{document}$$The *Lex*2-intersection of *A* and *B* is the interval-valued fuzzy set whose membership function for any *x* in *X* is: $$\documentclass[12pt]{minimal}
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In order to clarify this result, let us show some examples.

Example 4 {#FPar12}
---------

In the same conditions of Example [1](#FPar4){ref-type="sec"}.
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We are not going to consider the maximax, the maximin, the Hurwicz and the weak orders to define the intersection since it is not unique. Using the order $\documentclass[12pt]{minimal}
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For the weak order, the intersection is$$\documentclass[12pt]{minimal}
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Preservation on the Convexity Under Intersections {#Sec4}
=================================================

Taking into the previous comments, we are not going to consider the intersection based on the maximax, the maximin, the Hurwicz or the weak order. For the remaining intersections, we will study if the convexity of two convex IVFS is still a convex set. First of all, let us introduce the definition of convexity we are going to consider in this work.

Definition 4 {#FPar13}
------------

Let *X* be an ordered space and let $\documentclass[12pt]{minimal}
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It is a natural definition, based on the usual idea of convexity. It is immediate that a convex fuzzy set considered as an interval-valued fuzzy set with singleton as membership values is convex. It is also immediate that this definition coincides with the usual one of convexity for crisp sets.

If we deal with the particular orders considered in the previous section, we obtain that *ID*-convexity implies *Lo*-convexity and this implies *Lex*1-convexity, *Lex*2-convexity and *YX*-convexity.

About the important property of the preservation of the convexity under intersections, we have obtained the following results.

Proposition 6 {#FPar14}
-------------
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                \begin{document}$$A\cap _{ID} B$$\end{document}$ is also *ID*-convex, whenever it is not empty.

Unfortunately, the *Lo*-intersection of two IVFS which are *Lo*-convex is not always *Lo*-convex, as we can see at the following counterexample.

Example 5 {#FPar15}
---------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X=\{x,y,z\}$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x<y<z$$\end{document}$. If we consider the IVFS *A* and *B* defined as follows*XxyzA*\[0.1,0.7\]\[0.2,0.8\]\[0.3,0.5\]*B*\[0.1,0.7\]\[0.4,0.6\]\[0.3,0.5\]$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A \cap _{Lo} B$$\end{document}$\[0.1,0.7\]\[0.2,0.6\]\[0.3,0.5\]
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In fact, for admissible orders, we have been able to obtain a general results where we prove the good behaviour of them with respect to the convexity. Thus,

Proposition 7 {#FPar16}
-------------

Let *X* be an ordered space and let $\documentclass[12pt]{minimal}
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Thus, the case of the lexicographical orders and the Xu and Yager order are automatically solved.

Corollary 1 {#FPar17}
-----------

*Lex*1-convexity, *Lex*2-convexity and *YX*-convexity are preserved under intersections.

Concluding Remarks {#Sec5}
==================

In this paper we have proposed a definition of convexity for IVFS and we characterized the cases where it is preserved under intersections. The intersection of two IVFS is based on the chosen order between intervals and so several definitions of intersection are considered. It is not surprising that not all of the orders between intervals are appropriate for defining the intersection and that the lattice ordering defines the usual definition of intersection considered in the literature. However, this order has not a good behavior about preservation of convexity under intersections and admissible orders seem to be better for this purpose. An immediate pending work is the study of the cutworthy approach for this concept of convexity.
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